We propose a connection between the butterfly velocity and the complexity growth rate in the context of thermodynamics of black holes where the cosmological constant is interpreted as thermodynamic pressure. Moreover, we study the bound on the diffusion coefficient by comparing with the bound on shear viscosity to entropy density ratio in order to obtain a relationship between the diffusion coefficient times pressure with the shear viscosity. Our result shows that there is the upper bound on complexity growth rate with respect to the shear viscosity and thermodynamical variables.
I. INTRODUCTION
One of the recent holographic conjectures about the geometry of the inside of black hole is that its growth is dual to the growth of quantum complexity [8, 14] . The definition of quantum complexity of a quantum state is the minimum number of simple gates for building a quantum circuit that constructs them from a reference state.
From AdS/CFT duality point of view, one of the famous conjecture is "complexity = volume" (CV), which is an example of the recent proposed connection between tensor network and geometry [11] [12] [13] . According to this conjecture, the volume of a maximal spacelike slice into the black hole interior, is proportional to the computational complexity of the dual CFT state [9] ,
where V is the volume of the Einstein-Rosen bridge that joints two boundaries at the times t L and t R together, l is the AdS radius, and G N is Newton's gravitational constant. The other conjecture is "complexity = action" (CA) which implies that the quantum computational complexity of a holographic state is given by the on-shell action on the "Wheeler De-Witt" patch [14, 15] ,
where Σ is the time slice which is the intersection of the asymptotic boundary and any Cauchy surface in the bulk. It has been shown in [15] that the growth rate of quantum complexity will be bounded by
where M is the mass of black hole. For uncharged black hole the bound is saturated. Recently some work * shossein@ipm.ir; shosseini@shahroodut.ac.ir † m.qaemmaqami@ipm.ir have been done on quantum complexity and its different aspects in context of black holes and holography .
On the other hand, it was shown that chaos in thermal CFT may be described by the propagation of the shock wave near horizon of an AdS black hole [47] [48] [49] [50] , In the context of holography, the propagation of the shock wave near the horizon provides a description of the butterfly effect in the dual field theory. Out-of-time order four point function between pairs of local operators diagnoses the butterfly effect in field theory side.
where β is the inverse of the temperature. The butterfly effect may be seen by a sudden decay after the scrambling time t * which is defined as t * = β 2π logS, where S is the entropy of black hole,
where v B is the butterfly velocity and λ L is the Lyapunov exponent. The Lyapunov exponent is, λ L = 2π/β, where β is the inverse of the Hawking temperature. Furthermore, the butterfly velocity should be identified by the velocity of shock wave when the perturbation spreads in the space which is obtained by plugging the shock wave ansatz in Kruskal coordinate in the equations of motion, where the energy momentum tensor is a shock source. Recently some work have been done on butterfly effect and it's different aspects . For example, in Ref. [58] , authors found a universal formula for the butterfly velocities of planar black holes in the framework of Einstein's general relativity with respect to thermodynamical parameters such as the temperature, entropy and the thermodynamic volume conjugate to the pressure associated with the cosmological constant.
Moreover, the upper bound of the complexity growth rate is limited by the product of entropy and temperature. Therefore, using the Smarr formula relating the black hole mass to other thermodynamic quantities, one will be able to exploit a specific relation between the action growth and butterfly velocity through the thermodynamical parameters.
The structure of the paper is as follows. In next section we study the connection between complexity growth rate and butterfly velocity by thermodynamical parameters and check it for BTZ black hole [4] . This connection seems to be interesting because that both the butterfly velocity and the complexity growth rate decrease by adding higher derivative terms to Einstein Gravity action [28, 38, 52] . There is also a correspondence between butterfly velocities and the central charges of the dual conformal field theories [53] , on the other hand, the complexity is proportional to the number of degrees of freedom or central charges [15, [17] [18] [19] . In Section III we consider the proposed bound on diffusion coefficient [54, 55] by using the results of section II. Then we compare this bound with the bound on shear viscosity to entropy density ratio [79] for making a connection between the diffusion coefficient times pressure DP and shear viscosity η by considering Bousso entropy bound. Finally we find new bounds on butterfly velocity and complexity growth rate through the shear viscosity and thermodynamical parameters. Section IV is devoted to the summary.
II. CONNECTION BETWEEN COMPLEXITY GROWTH RATE AND BUTTERFLY VELOCITY
The butterfly velocity is identified by the velocity of shock wave near the horizon of black hole. Therefore, the butterfly velocity may be calculated by studying the physical properties at the near horizon geometry of one black hole. It seems naturally there is connection between the butterfly velocity and thermodynamical parameters of black hole as the temperature which is proportional to the surface gravity; T = κ/2π, and the entropy which is proportional to the area of the horizon of black hole; S = A/4G [1] [2] [3] . Recently X. Feng and H. Lu have found a relation between butterfly velocity v B and thermodynamical parameters (S, T, P, V th ) by a universal formula [58] :
where S is the entropy, T is the temperature, V th is the thermodynamic volume and P is the pressure. There is also a rough relation between complexity growth rate and the product of entropy and the temperature [9, 15] as follows,
In [9] the authors have shown that the complexity of a high-temperature thermofield double(TFD) state increases as
which is precisely the expected behavior of a quantum circuit model of complexity, i.e., the rate of computation measured in gates per unit time is proportional to the entropy times temperature; T S [8, 10] . The entropy appears because it represents the width of the circuit and the temperature appears for the local interaction rate of the qubit [9] .
One can see in three dimensions this relation Eq. (7) is exact at least for non-rotating BTZ black hole [4] . One can also test it for BTZ black hole in 3D Einstein Gravity, New Massive Gravity (NMG) [75] and Minimal Massive 3D Gravity [76] which is a proposed model to resolve the bulk-boundary clash problem of Topologically Massive Gravity [73] . For rotating BTZ black hole in 3D Einstein Gravity, the complexity growth rate is [14, 15] :
where r − and r + are the inner and outer horizon, respectively. One can also rewrite the above relation in terms of the inner and outer quantities as follows [20] ,
where the temperatures and entropies defined on both
. For nonrotating BTZ black hole (r − = 0) we have:
where T = r + /2πl 2 and S = πr + /2G. Now we can check the accuracy of the above relation for New Massive Gravity and Minimal Massive 3D Gravity. For New Massive Gravity the action growth is given by [28] :
for non-rotating case when the inner horizon goes to zero, we have
where [77] ,
Moreover, in the case of the BTZ black hole in Minimal Massive 3D Gravity, the complexity growth rate is [40] :
where σ, α and Λ 0 are the parameters of the model [76] . At the non-rotating limit, one can see dC/dt = T S, in which [78] ,
If we replace the complexity growth rate instead of entropy times temperature T S, in the the proposed equation for butterfly velocity Eq. (6), one can re-express the complexity growth rate in the terms of butterfly velocity and thermodynamical quantities as following relation.
It's so interesting because adding the higher derivative terms to Einstein gravity action implies the reduction effect on both the butterfly velocity and complexity growth rate [28, 38, 52] . For instance in critical gravity, the butterfly velocities are given by [28] :
where
, is the mass of massive spin-2 mode. It is obvious that v
B is the butterfly velocity of Einstein Gravity in D-dimension [47] . Furthermore, in [52] we observed that the butterfly velocity at the critical point in third order Lovelock Gravity in D = 7 is less than the butterfly velocity at the critical point in Einstein-Gauss-Bonnet Gravity in D = 7 which is less than the butterfly velocity in D = 7 in Einstein Gravity, v
Lovelock B [52] . As a result, one can conclude that by adding higher order curvature corrections to Einstein Gravity the butterfly velocity decreases. Therefore we can argue that it's an evidence of connection between butterfly velocity and complexity growth rate.
Interestingly, if we assume that the background space-time with a negative cosmological constant, Λ < 0 (or P = −Λ/8πG > 0) the complexity growth increases by time as similar way as the entropy ( dC/dt = 2v 2 B V th P ≥ 0) which manifests the second law of complexity [21, 26] . By holographic conjectures we can understand the second law complexity by increasing the volume of the wormhole in time from "complexity = volume"(CV) conjecture or by increasing the action on the Wheeler De-Witt patch in time from "complexity = action"(CA) conjecture. Now we want to examine the relation (7) for nonrotating and rotating BTZ black holes. In non-rotating case the thermodynamic volume is obtained by the first law of thermodynamics, dM = T dS + V th dP , then the mass, the thermodynamic volume, the pressure and also the butterfly velocity in 3D Einstein Gravity are defined as [4, 47, 53] :
Substituting the above relations of thermodynamic parameters and butterfly velocity in the Eq. (17) for complexity growth rate, we have,
which is in agreement with the previous result for nonrotating BTZ black hole [15] . For the rotating BTZ black hole case, one can obtain the following relation [18] :
which satisfies the obtained result for rotating BTZ black hole [15] . In addition there is a correspondence between butterfly velocities and the central charges of the dual conformal field theory [53] . The central charges of the dual 2D CFT of Topologically Massive Gravity(TMG) reads [74] :
It is transparent that at two critical points of the Topologically Massive Gravity (TMG), µl = 1 and µl = −1 there are two different chiral modes, right-moving and left-moving respectively,
Moreover, at the critical points of TMG, the butterfly velocities yield as follows [53] :
It means that the theory is chiral at the critical points, µl = 1 and µl = −1. These relations are similar to the relations for the central charges of the dual 2D conformal field theory Eq. (23) at the critical points where the theory is chiral. Clearly we observe a one to one correspondence between the butterfly velocities and the central charges of dual 2D CFT at the critical points of TMG.
In addition recently a conjecture has been proposed for the lower bound on diffusion constant by butterfly velocity [54, 55] ;
where D is the diffusion coefficient, k B is the Boltzmann constant and T is the temperature. Moreover, in [81] authors studied a universality, which determines the shear viscosity η and electrical conductivity σ in terms of the corresponding central charges then naturally leads to a conjectured bound on conductivity in physical systems.
And also we know there is relation between diffusion constant, conductivity and charge susceptibility as
where χ is charge susceptibility. These bounds on conductivity and diffusion coefficient maybe are another evidence of correspondence between the butterfly velocities and the central charges of the dual CFTs [53] .
On the other hand, the complexity is also proportional to the number of degrees of freedom or central charges [15, [17] [18] [19] . Particularly for a 2D CFT when we consider a subsystem, A with the length L, the complexity of the subsystem is [17]:
where ε is the cutoff length of the field theory. Therefore, we can get the other evidence for connection between butterfly velocity and complexity growth rate. It is worth noting that Brown-Henneax formula for the central charge implies [5, 18] :
Furthermore, from Eq. (6), we have
It is obvious that there is a special correspondence between central charges and butterfly velocities which means that there is a relation between complexity growth rate and butterfly velocity.
As mentioned the non-rotating BTZ black hole saturates the complexity growth bound [15] , dC/dt = 2M , therefore one can see from Eq. (17) that:
which in ρ is the thermodynamic mass density. By assuming the Lloyd's bound on complexity growth rate, dC dt ≤ 2M , we can conclude there is an upper bound on butterfly velocity by thermodynamic parameters:
III. BOUND ON DIFFUSION COEFFICIENT AND SHEAR VISCOSITY
Recently in [54, 55] , it has been found that the diffusion constant in simple holographic model when the effects of momentum relaxation are very strong takes the universal amount D ∼ kB T where D is the diffusion coefficient, k B is the Boltzmann constant and T is the temperature. Indeed, the butterfly velocity v B has been considered as the characteristic velocity in the diffusion coefficient bound formula proposed by Hartnoll [80] . Therefore the diffusion coefficient should be bounded by D ∼ v 2 B τ , where τ is the dissipation time which is τ ∼ 1/T through Heisenberg's uncertainty principle, i.e.,
hereafter, we set k B = = 1. Now, by plugging Eq. (17) in the above relation, we find the lower bound on diffusion coefficient by the complexity growth rate and thermodynamic parameters.
It means that the diffusion coefficient determines an upper bound on the complexity growth rate up to thermodynamical parameters, pressure, temperature and thermodynamic volume.
Roughly speaking, the complexity growth is connected to a kind of the diffusion via the thermodynamical parameters of the black hole. Now let us compare the bound on diffusion coefficient and bound on shear viscosity to entropy density ratio [79] . By replacing Eq. (6) for butterfly velocity in the diffusion coefficient bound Eq. (32), we have,
where s is the entropy density. This relation actually shows that there is a lower bound on the product of the diffusion coefficient and the pressure per entropy density; DP /s ≥ 1/2. There is also a lower bound on shear viscosity to entropy density ratio [79] ,
this argument comes from Heisenberg's uncertainty principle. The viscosity of a plasma is proportional to ǫτ mf t , where ǫ is the energy density and τ mf t is the mean free time. Moreover, the entropy density is proportional to the density of quasiparticles, s ∼ n, therefore η/s ∼ ǫτ /n. Clearly ǫ/n is the average energy per particle. Therefore according to the uncertainty principle η/s ∼ ǫτ /n ≥ 1 [79] , one can see easily from two above relations that
The above upper bounds on the entropy density reminds the Bousso entropy bound S ≤ A/4G [6, 7] , where A is the area of horizon and G is the Newton's constant. As a result, the bound on entropy density will be characterized by s ≤ A/4GV th which related to the geometry of the black hole horizon. Consequently, there is a connection between the diffusion coefficient times pressure, DP and shear viscosity η as the upper bound on entropy density, which raises from the Bousso entropy bound
This is clear that the above relation is very similar to Eq. (34) of [54] , i.e., D p = η ǫ+P when we assume pressure P and energy density ǫ are in the same order of magnitude, ǫ ∼ P . In addition, by comparing the bound on butterfly velocity Eq. (31) with the lower bound on diffusion coefficient Eq. (32), we have
It indicates that ρ P ∼ DT is the upper bound on butterfly velocity squared or equivalently DP ∼ ρ T . From Eq. (38) , one can also obtain the following approximation.
which is in agreement with [79] , in that paper, authors mentioned that the viscosity of a plasma is proportional to ǫτ mf t . On the other hand from Heisenberg's uncertainty principle, τ mf t ∼ 1 T , one can indicate the above relation, η ∼ ρ/T ∼ ρτ mf t is in agreement with [79] .
Finally we can find the new bounds on butterfly velocity and also complexity growth rate by shear viscosity and thermodynamical parameters. By replacing the Eq. (40) in Eq. (32) and Eq. (33), it yields,
It is surprising that at zero temperature limit, the above inequality shows that the complexity growth rate goes to zero, dC dt = 0 which satisfies the same result from [15, 39] , because the complexity growth rate is not negative according to the second law of thermodynamics, therefore complexity growth will be zero at the zero temperature. The above bounds Eq. (41) maybe open the new window to make a connection between hydrodynamics and quantum complexity and quantum information.
IV. SUMMARY
In this paper, we studied the connection between butterfly velocity and complexity growth rate by thermodynamical parameters according to the recent proposed universal formula for butterfly velocity with respect to thermodynamic variables [58] . It seems interesting because both of the butterfly velocity and the complexity growth rate decrease by adding higher derivative terms to Einstein Gravity action [28, 38, 52] . Moreover, there is a correspondence between butterfly velocities and the central charges of the dual conformal field theories [53] and on the other hand, the complexity is proportional to number of degrees of freedom or central charges [15, [17] [18] [19] . Furthermore, we showed that dC/dt = 2v 2 B V th P ≥ 0 as we assume the background space-time with a negative cosmological constant, Λ < 0 or positive pressure P = −Λ/8πG > 0. This inequality shows that the complexity growth rate increases in time in similar to entropy increasing. It is the concept of the second law of complexity [21, 26] .
Using the relation between butterfly velocity and complexity growth rate and assuming saturation of the proposed bound on complexity growth rate for non-rotating BTZ black hole, we also found that the butterfly velocity squared is equal to thermodynamic mass density of black hole per pressure, v 2 B = ρ/P . And by assuming the Lloyd's bound on complexity growth rate, dC/dt ≤ 2M , we find that there is an upper bound on butterfly velocity by thermodynamical parameters, v 2 B ≤ ρ/P .
We also considered the proposed bound on diffusion coefficient by the butterfly velocity [54, 55] and the relation between the butterfly velocity and the complexity growth rate in order to determine an upper bound on complexity growth rate up to thermodynamical parameters such as pressure, temperature and thermodynamic volume. Moreover, it may show that complexity growth is connected to a kind of diffusion where they are related by thermodynamical parameters. Furthermore, comparing the lower bound on diffusion coefficient with the lower bound on shear viscosity to entropy density ratio caused to construct an advantage connection between the product of the diffusion coefficient and the pressure, DP with the shear viscosity, η by considering Bousso entropy bound. Finally we figured out the bounds on complexity growth rate and butterfly velocity through the shear viscosity and thermodynamical parameters.
It is also interesting to study the relationship between the complexity growth and butterfly velocity with entanglement spreading and entanglement velocity. Moreover, the study of the connection between complexity, chaos and tensor networks in the context of holography and black hole physics might be fascinating.
